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Abstract 

' The notion of the quantum angle is introduced. The quantum angle turns out to be a metric on the set 

of physical states of a quantum system. Its kinematics and dynamics is studied. The certainty principle for 
quantum systems is formulated and proved. It turns out that the certainty principle is closely connected with the 
Heisenberg uncertainty principle (it presents, in some sense, an opposite point of view). But at the same time 
the certainty principle allows to give rigorous formulations for wider class of problems (it allows to rigorously 
interpret and ground the analogous inequalities for the pairs of quantities like time - energy, angle - angular 
H-i . momentum etc.) 



o 

(N 



The quantum angle and the certainty principle 



> : 

, The notion of the quantum angle. As it is known, the set of states of any quantum system forms a complex 

\D Hilbert space. We will denote it Ti. . 

\Q ' Elements of the space H we will denote as a,b . . . G Tt . 

| The scalar product in "H we will write as (a\b) . It is linear with respect to the second argument and anti- linear 

. with respect to the first one. 

The norm of a vector a we will denote as ||a|| = (aja} 1 / 2 . 



Consider two non-zero vectors a,b £ Ti . Let us define between them the quantum angle by the formula: 

\{a\b)\ 



Z(a,b) = arccos- . 
£3 . Ml WH 

According to Cauchy-Bunyakovsky-Schwarz inequality, under the function arccos we have the value that is not 
greater than unity. Therefore, the quantum angle is a real number: 



53- Z(a,6)eK, 0^Z(a,b)^ 



For simplification of formulas we will later on always work with normalized vectors: ||a|| = 1 , ||6|| = 1 . In this 
case the formula for the angle is written simply as: 

Z(o, b) = arccos (o|6) . 

Geometry of quantum angle. Let us consider the two extreme cases: Z(a,b) = and Z(a,b) — n/2 . 
According to the Parseval equality, the first case takes place when the vectors differ only by phase factor: 

Z(a,6) = a \\ b . 

From physical point of view, we can say that the corresponding quantum states are identical. 
The second case takes place when vectors are orthogonal: 

Z(a, b) — — <=> a ± b . 
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In this case we can say that the corresponding quantum states are completely different. 

Implying this physical terminology, which is used in the considered extreme cases, let us introduce also the following 
definition. Let us say that the states described by the vectors a and b differ not- substantially, if Z(a,b) < 1 ; 
let us also say that the states differ substantially, if Z(a, b) > 1 . 

Theorem. For any three vectors a,b,c EH the inequality takes place ("the triangle inequality"): 

Z(a,c) < Z(a,b) + Z{b,c) . 



In order to prove this theorem, let us first notice that, so far as the inequality is proved for three vectors, we can 
bound ourself with the case when the Hilbert space Ti is three dimensional: T~L = C 3 . 

Multiplying the vectors a , b , and c by appropriate factors and choosing orthonormal basis in H appropriately, 
we can achieve that components of these vectors take the form: 

a = ( 1 ) , b = ( h z b 3 ) , c = ( Cl c 2 ) , 

where c\, C2, b\, bs € [0; 1] are real non- negative numbers, and z e C is complex. 
Let us introduce also the auxiliary vector b' : 

b' = ( h \z\ b 3 ) . 

We have: 

Z(b' , c) = arccos (b\C\ + \z\ c 2 ) < arccos | b\C\ + zc 2 | = Z(b, c) . 

So far as the three vectors a , b' , and c have real coordinates and unit lengths, the triangle inequality for them 
is the well known triangle inequality on the sphere in the real three-dimensional Euclidean space: 

Z(a,c) < Z(a,b') + Z(b',c) . 

Combining the obtained inequalities we get: 

Z(a, c) < Z(a, b') + Z(b' , c) = Z(a, b) + Z(b', c) < Z(a, b) + Z(b, c) ■ 

Summarizing what was said above, we can say that the quantum angle Z , considered as a function on the set of 
pairs of physical quantum states (considered to phase factor), is a metric. 

Theorem. The metric space of physical quantum states with the metric Z is complete. 

The proof of this theorem is not difficult, but it requires substantial technical work. So we omit it here. 

Kinematics of quantum angle. Let now the vector r depend on the real parameter t : ieK, r(t) e H , 

H*)ll = i- 

Let us define the quantum velocity v(t) by the formula: 

,. r(t + 6t)-r(t) 

Let us define also the quantum angular speed u(t) by the formula: 

Z(r(t + St),r(t)) 
Lo(t) = hm — — — . 

st^o | St | 

In order to express uj(t) through v(t) let us decompose v(t) into the two orthogonal components: 

= r(t) (r(t)\v(t)) , v±(t)=v(t)-v\\(t) . 

Theorem. The quantum angular speed is equal to the norm of the orthogonal component of the quantum 
velocity: 

w(t) = ||tM(t)|| • 
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In order to prove this theorem let us use the Parseval equality to change arccos to arcsin : 

Z(r{t + St) , r(t) ) = arccos | ( r(t + St) | r(t) ) \ = 

= arcsin || r(t + St) - r(t) ( r(t) \ r(t + St) ) \\ = 
= arcsin || r(t + St) - r(t) - r(t) ( r(t) \ r(t + St) - r(t) ) \\ = 
= arcsin || v(t) St + o(St) - r(t) ( r(t) \ v(t) St + o(St) ) || = 

= arcsin (y(t) - r(t) ( r(t) \ v(t) )) St + o(St) = 

= arcsin u_i_(i)<W 4- o(St) || = arcsin (||«x(i)|| \St\ + o(5t)) = 

= \\v x (t)\\ \st\ + o(st) m 

Theorem. The quantum angle satisfy the estimate: 



Z(r(t 2 ),r( tl )) < 



){t)dt 



(1) 



For the proof let us use the triangle inequality: 

4r(< + *t),r(ti))-4r(t),r(ti))| < Z( r(t + St) , r(t) ) . 
Dividing by \St\ and taking the limit St — > , we get: 



dt 



4r(t),r(i 1 V 



SC L0{t) . 



Performing integration from t\ to t 2 , we get the desired inequality. ■ 
In fact, the estimate Q is the best. Namely, there is the following 

Theorem. The quantum angle between two vectors r\ and r 2 can be expressed by the formula: 

rt 2 



oj(t) dt 



where the minimum is taken among all curves r(t) with ends in r± and r 2 : r(ti) — r\ , r(t 2 ) = r 2 . 

For the proof of the theorem let us twist the phase of r 2 , r 2 — > r' 2 = e la r 2 , so that {r 2 \r\) become real and 
(r' 2 \ ri ) G [0,1] . 

Let us consider the linear shell of r' 2 and r% , £{r' 2 , ri) . There we can choose an orthonormal basis so that 

n = ( 1 ) , r' 2 = ( a b ) , 
where a, b 6 [0, 1] are real non-negative numbers. 

Considering then r' 2 and n as real vectors on Euclidean plane we see that it is possible to stretch the circular 
arc between them where the estimation integral is exactly equal to the quantum angle. ■ 



Dynamics of quantum angle. Let us have now a strongly continuous one-parameter unitary group U(Ss) = 
e - 1 8s A/n ^ wnere A = A* is a self-adjoint operator in the space of states Ti (it is called the infinitesimal generator 
of U(Ss) ); Ss s M is the parameter of the group; ft G K is the Planck's constant. 

And suppose now that the dependence of state vector on the parameter Ss is defined by the formula: 

r(Ss) = \ Ss) = U{Ss)) = e - l5sA / R ) . 

Here \Ss) £W is another notation for the state vector connected with parameter equal to Ss ; ) 6 Ti is a fixed 
ket- vector of state. 

Let us suppose that the function r{Ss) is differentiable. Then the quantum velocity is expressed by the formula: 

v(Ss) = ±Ae~* SsA / h ) = jjrAISs) . 
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The mean of the operator A does not depend on time: 

A = (Sa\A\Ss) = ( e +lSsA/h Ae~ lSsA/h ) = (Ae +lSsA / h e - lSsA/R ) = {A) 

Therefore the components of the quantum velocity can be written just as: 

v\\(Ss) = \6s)(6s\± i A\6s) = ±A\6s) 
v ± (6s) = &(A-X)\88). 
The quantum angular speed turns out to be independent of time also: 



to 



(5s) = \\v±{&8) || = i (Ss\ (A- A) 2 15s} 1 / 2 = | (e+ i5sA / n (A- A) 2 e -iSsA/h^i/2 



= ±((A-Afe 



+ i8sA/h - ids A/h \l/2 _ 1 



{(A-A) 2 )^ = IA,A 



Here A^A is a short notation for the standard deviation of A in the state ) . 

Consider now how the quantum angle Z( | Ss ) , ) ) behaves in this case. Using for it the estimate JTJ we have: 



A\8s),)) < 



oj(u) da 



From this inequality we obtain the 

Theorem. 60 that under the action of strongly continuous one-parameter unitary group U(Ss) = e - lSsA / h 
the initial state vector ) changes substantially, it is necessary to satisfy the inequality: 



\5s\ A) A > h 



(2) 



By the example of the Schrodinger particle we will see that this theorem turns out to be closely connected with 
the Heisenberg uncertainty principle, but has other meaning. Taking into account this connection, we can name 
this theorem the certainty principle. 

The inequality expressing the certainty principle can be written also in the following way: 



(3) 




In this form it can be naturally carried over to the case when Ss and A are matrices. 



Examples 

One-dimensional Schrodinger particle. Consider the one-dimensional Schrodinger particle with the coordi- 
nate defined by the variable x . Its state vector can be written by the wave function ip(x) . In its space of states 
the group of shifts acts by the formula: 

U(5x) tp{x) = ip(x — 5x) . 

This group can be written in the form: 

U{8x)=e- l5xP/h , P=-ih4-. 

dx 

Here P is the operator of momentum. 

Applying the certainty principle in the form (|2J), we get: 

\Sx\ A Hx) P > h . 



If we take as tp( x ) a wen localized packet of de Broglie waves, that turns into zero outside of some interval I , 
then from this inequality, in particular, we have that I %/ ' Am x \P : because when the packet is moved to the 
distance I , the change of the quantum angle must turn out to be greater than 1 (namely, 7r/2 ). 
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So, the Heisenberg uncertainty principle, if it is understood in qualitative sense, follows from the certainty principle. 

But if we understand the Heisenberg uncertainty principle in quantitative sense, according to the Pauli-Weyl 
inequality 

A^ijlA^^P ^ - , (4) 
then there is no direct connection between these two principles. 

Furthermore, from physical point of view, the Heisenberg uncertainty principle and the certainty principle are like 
two points of view on the spread of the wave packet. The Heisenberg uncertainty principle says, that the wave 
packet is spread, because the classical state of the particle is badly defined. On the other hand, the certainty 
principle states, that the wave packet is spread, because the quantum state is well defined. 

To the three-dimensional case the certainty principle is easily generalized in the form @: 

^(x) (SxiPi) ^ h , 

where summation over i is implied. 

Schrodinger particle on circle. Consider now a plane with Cartesian coordinates x and y . Let us have the 
circle x 2 + y 2 — 1 defined on the plane. On this circle as one-dimensional coordinate we can use the polar angle 
(p , considered to 2ir . 

The state vector of the Schrodinger particle on this circle can be written by the wave function ip(ip) . And 
ip(tp + 2tt) — ip((p) ■ 

In the space of states the action of the rotation group is naturally defined: 

U(Sip) ip((p) = rp(<p - Sep) . 

This group can be written in the form: 

U(6<p) = e - iSvJ ' h , j=-in4-. 

dip 

Here J is the operator of angular momentum. 

Using the certainty principle does not arise any difficulties: 

\d<p\ A^( v ) J Ss h . 

As regards the uncertainty principle, a carrying over of the inequality J3J to this case is impossible 1 . 
In the three-dimensional case the certainty principle also easily gives: 

A system with Hamiltonian independent of time. Let us have now a quantum system with a Hamiltonian 
H independent of time. On the space of states we have the following action of the group of time shifts: 

U(5t)) = e -<«M0/») . 

The certainty principle in this case immediately gives: 

\5t\A)H > h . 

If we apply this formula, for example, to estimation of the life time of a quasi-stationary decaying state, then it 
states that its typical life time is not less than Planck's constant divided by the width of the corresponding energy 
level. And here all the terms can be defined with exact mathematical sense. 

As regards to attempts to formulate the Heisenberg uncertainty principle for values time - energy, after Bohr has 
declared such a principle (in qualitative sense) so many researches and discussions were performed for clarification 
of its sense, that it is possible to write about them a separate review. As far as I know, a rigorous formulation of 
the uncertainty principle for this case have not been formulated till now 2 . 

1 About some attempts that were made to suggest an inequality like HI . see HI . 
2 See also the discussion of this question by J. Baez 
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Relativistic systems. Consider now any relativistic quantum system. On its space of states the Poincare group 
acts. As an example of such a system any RCQ-quantized field can serve 3 00]. And let us restrict ourself to the 
discussion of the case when the field turns out quantized in the usual Hilbert space. 

In this case the application of the certainty principle does not meet any difficulties: 

A) ( - Sx^ P M + \ Slo^ J M „ ) ^ h , 

where is the vector operator of energy-momentum, J pl , is the tensor operator of four-dimensional angular 
momentum, Sx^ and 6uj up are the standard logarithmic coordinates of the Poincare group. 

As regards to the application of the Heisenberg uncertainty principle, it is unlikely to be possible. In the previous 
paragraph we have seen that for the values time - energy it arose great difficulties. 

In this connection, even from the ideas relativistic invariance it is clear that even for coordinates and momenta the 
situation cannot be simple. And it turns out to be true, because it is known that all attempts to introduce the 
notion of coordinates (as self-adjoint operators on the space of states) for relativistic systems are quite artificial 4 . 
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ripHHii.Hn onpeflejieHHOCTH 



JX. A. Ap6aTCKHH* 
1 (peBpajia 2008 r. 



AHHOTai^H5I 

\f} > BBOflHTca noHHTie KBaHTOBoro yrjia. KBaHTOBbiii yroji OKa3biBaeTca MeTpiiKOH Ha MHoacecTBe cproHHecKHx 

cocToaHHit KBaHTOBoft CHCTeMBi. IfeyHaeTca ero KimeMaraKa h flimaMiiKa. OopMyjinpyeTca h flOKa3biBaeTca 
npHHipn onpedejieHHOcmu fljia KBaHTOBBix ciiCTeM. IIpHHHHn onpeflejieHHOCTii OKa3biBaeTca TecHO CBa3aHHBiM c 
npiiHniinoM HeonpeflejieHHOCTH reii3eH6epra (npeflCTaBJiaeT, b onpeflejieHHOM CMBicjie, o6paTHyio TOMKy 3peHna). 
npii 9tom npHHipn onpefleneHHOCTH no3BOJiaeT flaTb CTporne (popMyjinpoBKH fljia 6onee nmpoKoro Kjiacca 
3aflaH (yflaeTca CTporo iicrojiKOBaTb h o6ocHOBaTB aHajiorHHHbie HepaBeHCTBa fljia nap BejiHMHH rana BpeMa - 
SHeprna, yroji - mom6ht HMnyjibca h t. n.) 

o 

KBaHTOBbiii yroji h npHHi^Hn onpe^ejieHHOCTH 

I/"") , IIoHaTHe KBaHTOBoro yrjia. Karc h3B6ctho, mhojk6ctbo coctoahhh jiio6oh kbelhtoboh cncTeMbi o6pa3yeT KOMnjieKCHoe 
' rHJib6epTOBO npocTpaHCTBO. Mbi 6y^,eM o6o3HaHaTb ero TL . 

\Q ' 3jieMeHTbi npocTpaHCTBa TL 6y,n,eM o6o3HaHaTb rcarc a, b . . . G TL . 

\ CKanapHoe npoH3BefleHne b TL 6y#eM 3anncbiBaTb xax (a\b) . Oho jiHHeiiHO no BTopoMy apryMeHTy n aHTHJiHHeimo 
■ no nepBOMy. 

HopMy BeKTopa a 6yfleM o6o3Ha x iaTb xax ||a|| = (ala) 1 / 2 . 

PaccMOTpnM flBa HeHyjieBbix BeKTopa a,b 6 TL . Onpe^,ejniM MejK^y hhmh Keanmoeuu yzoji (popMyjioii: 



|(o|6)| 



%\ ^(-,6) 

cr. 

B cooTBeTCTBHH c HepaBeHCTBOM KoniH-ByHflKOBCKoro-IIlBapLi;a, no,n, 3HaK0M arccos ctoht BejiH^HHa, He npeBOCxo/ifliiiafl 
eflHHHiibi. CjieflOBaTejibHO, KBaHTOBbiii yroji flBjiaeTca BemecTBeHHbiM hhgjiom: 



Z(a,b)€R, 0<Z(a,6)<~. 

JXjih ynpomeHHfl (popMyji ^ajiee mm 6y,n,eM Bcer^a pa6oTaTb c HopMnpoBamibiMH BeKTopaMH: ||a|| = 1 , ||6|| = 1 . 
B 3tom cjiynae cpopMyjia rjik yrjia 3anncbiBaeTca npocTO k&k: 

Z (a, b) = arccos | (a \ b) | . 

TeoMeTpHH KBaHTOBoro yrjia. PaccMOTpHM #Ba Kpainnrx cjry^aa: Z(a, b) — h Z(a, 6) = 7r/2 . 
B cooTBeTCTBHH c paBeHCTBOM riapceBajra, nepBbiii cjiyraii HMeeT MecTO, xor^a BeKTopbi OTJin^raroTCfl jinnib 

(pa30BMM MHOJKHTejieM: 

Z(a,b) = a\\b. 

C (pH3HHeCKOH TO^KH 3peHHfl, MOJKHO CKa3aTb, HTO COOTBeTCTByKMriHe KBaHTOBbie COCTOflHHfl oduHaKOGU. 

BTopoii anynan HMeeT MecTO, Kor,na BeKTopbi opToroHajibHbi: 

7T 

Z(a, b) — — a _L b . 
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B 3tom cjiy^ae mojkho CKa3aTb, hto cooTBeTCTByiomHe KBaHTOBbie cocTOAHHfl noAHOcrribw pa,3JiuHHU. 

IiMea b BH,a;y 3Ty (pH3HHecKyio TepMHHOJiornio, ynoTpe6jifleMyio b paccMOTpeHHbix Kpainnix cjiyHaax, bbg^gm 
TaK»ce cjie,a;yioiri;ee onpeflejieHiie. By,a;eM roBopiiTb, ito coctoahha, onucbiBaeMbie BGKTopaMH a h b , onuiuHawmcsi 
HecymecmeeHHO, earn Z(a, b) < 1 ; TaioKe 6yp<eM roBopHTb, hto coctoahha omjiuuammcn cymecmeeHHO, eonn 
Z(a,6)>l. 

T e o p e m a. ,Zf/i.s jiw6ux mpex eeKmopoe a,b,c EH uMeem Mecmo Hepaeencmeo ( ,p,epaeencmeo mpeyzcuibnu- 
na"): 

Z{a,c) < Z(a,b) + Z(b,c) . 

HTo6bi ,i;oKa3aTb 9Ty TeopeMy, 3aMGTHM CHa^ajia, ^to, nocKOJibxy HepaBeHCTBO ,2;oKa3biBaeTCH ^jih Tpex BeKTopoB, 
mojkho orpaHHHHTbca cny^aeM, Kor^a rnjib6epTOBO npocTpaHCTBO TC TpexMepHo: TL = C 3 . 

flOMHOJKaa BeKTOpbl O , b H C Ha nO^,XO#.HIHHe MHOJKHTejIH H Bbl6npafl OpTOHOpMHpOBaHHblH 6a3HC B Ti HafljiejKamHM 
06pa30M, MOJKHO #o6HTbCH TOrO, HTo6bI KOMnOHeHTbl 3THX BeKTOpOB npilHflJIH BHfll 

a = ( 1 ) , b = ( 6i z 6 3 ) , c = ( ci c 2 ) , 

r/ie ci, C2, bi, 63 € [0; 1] — BemecTBeHHbie HeoTpniiaTejibHbie HHCJia, a z£C komiijigkcho . 
BBe^,eM TaK»ce BcnoMoraTejibHbiii BeKTop b' : 

b' = (h \z\ 63 ) . 

HMeeM: 

Z(b', c) = arccos (&1C1 + |z| c 2 ) < arccos | b\C\ + zc 2 \ — Z(b, c) . 

ITocKOJibKy Tpii BGKTopa a , b' h c hmgiot BemecTBeHHbie KOop^imaTbi h e^HHHHHbie ,a;jiHHbi, fljia hhx HepaBeHCTBO 
TpeyrojibHHKa — sto xopoino h3bgcthog HepaBeHCTBO TpeyrojibHHKa Ha ccpepe b BemecTBeHHOM TpexMepHOM eBRjiH^OBOM 
npocTpaHCTBe: 

Z(a,c) < Z(a,b') + Z(b',c) . 
KoM6HHHpya npHBe,a;eHHbie HepaBeHCTBa, nojiy^aeM: 

Z(a, c) < Z(a, b') + Z(b', c) = Z(a, b) + Z(b', c) < Z(a, b) + Z(b, c) ■ 

Pe3K)MHpyfl CKa3aHHoe Bbiuie, mojkho CKa3aTb, ito KBaHTOBbiii yroji Z , paccMaTpnBaeMbiii xax (pyHKinifl Ha 

MHOJKeCTBe nap (pH3HHeCKHX KBaHTOBblX COCTOflHHH (paCCMaTpHBaeMblX C TOHHOCTbK) fl.O (pa30BOrO MHOJKHTejIfl) , 

flBjiaeTCfl MempuKou. 

T e o p e m a. MempunecKoe npocmpancmeo <fiu3unecKux Keanmoeux cocmosmuu c MempuKou Z nojmo. 

^oxasaTejibCTBO stoh TeopeMbi He cjiojkho, ho Tpe6yeT SHa^HTejibHoii TexHH^ecKoii pa6oTbi. IlosTOMy mm ero 3,n,ecb 
onycTHM. 

KnHeMaTHKa KBaHTOBoro yrjia. IlycTb Tenepb BeKTop r 3aBHCHT ot BemecTBeHHoro napaMeTpa t : fel, 
r(t)ett, ||r(t)|| = l. 

Onpe,a;ejiHM Keanmoeyw CKopocmb v(t) paBeHCTBOM: 

,. r(t + 6t)-r(t) 

Onpe,a;ejiHM TaioKe Keanmoeyw yzjioeyw CKopocmb w(t) paBeHCTBOM: 

[r(t + St),r(t)) 



uj(t) = lim 



st^o \5t\ 

Hto6m Bbipa3HTb uj(t) Hepe3 v(t) pa3Jio»cHM v(t) Ha jxse opToroHajibHbie cocTaBJisnoiinie: 

v\\(t)=r(t)(r(t)\v(t)) , v±(t)=v(t)-v\\(t) . 
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T e o p e m a. Keaumoeasi yzAoeasi CKopocrrib paena nopjue opmozoHajibHou cocmaejisiwuifiu Keanmoeou CKopocmu: 

W (i) = ||«x(*)ll • 



Hto6m ^OKa3aTb 3Ty TeopeMy, Hcnojib3yeM paBeHCTBO IlapceBajra .zijia 3aMeHbi arccos Ha arcsin : 

Z(r{t + St) , r(t) ) = arccos | ( r(* + St) | r(t) ) \ = 

= arcsin || r(t + St) - r(t) ( r(t) \ r(t + St) ) \\ = 
= arcsin || r(t + St) - r(t) - r(t) ( r(t) \ r(t + St) - r(t) ) \\ = 
= arcsin || v{t) St + o(St) - r{t) ( r(t) | v(t) St + o(St) ) || = 

= arcsin (v(t) - r(t) (r(t) \ v(t) )) St + o(St) = 

— arcsin i>_l(*)** + o(St) || = arcsin (||«x(*)|| |**| + o(St) ) = 
= ||«x(*)|| |*t| + o(St) m 

T e o p e m a. JJax Keanmoeozo ysjia cnpaeedjiuea ov^eHKa: 



(r(t 2 ), r(*i)) ^ 



u(t) dt 



(1) 



Jlim ^,OKa3aTejibCTBa BOcnanb3yeMCH HepaBeHCTBOM TpeyrojibHHKa: 

Z(r(t + 6t) > r(t 1 ))-Z(r(t),r(t 1 ))\ ^ Z(r(t + St) , r(*)) . 
IIoflejiHB Ha \St\ h nepexo,n,fl k npe^ejiy St — > , nojryiaeM: 



dt 



Z(r(*),r(* x )) 



< w(t) • 



HHTerpnpyH ot t\ t 2 , nany^aeM ,a;oKa3biBaeMoe HepaBeHCTBO. ■ 

B ^encTBHTejibHOCTii, oueHKa JQl flBJiaeTca Haiuiy^nieii. HMeHHO, cnpaBe^jiHBa cjie^,yiom,aa 

T e o p e m a. Keanmoeuu yzoji Meotcdy deyMn eenmopaMU r% u r 2 Mootcem 6umb 3adau $opMyjiou: 

ft; 



w(t) dt 



zde MUHUMyM 6epemcM cpedu ecex npueux r(t) c KomifhMU e n u r 2 : r(ti) — r\ , r(t 2 ) = r 2 . 

JXjih ,a;0Ka3aTejibCTBa TeopeMbi no,a;KpyTHM cpa3y r 2 , r 2 — > r' 2 = e la r 2 , Tax, hto6m {r' 2 \r\) 6mjio bgiugctbghho h 
Win) g [0,1]. 

^ajiee, paccMOTpnM jiHHeiiHyK) o6ojiOHKy r 2 h r\ , L(r' 2l r\) . B Heii mojkho Bbi6paTb opTOHopMHpoBaHHbra 6a3nc 

Tax, IToGbl 

n = ( 1 ) , = ( a b ) , 

r^e a, 6 £ [0, 1] — BemecTBeHHbie HeoTpHnaTejibHbie iHcna. 

PaccMaTpHBaa flajiee h r\ xax BemecTBeHHbie BeKTopbi Ha eBRjiH^OBoii hjiockocth, saMe^aeM, ito Meynjiy 
HiiMii mojkho npoBecTH flyry, Ha KOTopoii oiieHO^Hbiii HHTerpaji Kax pa3 paBHaeTca KBaHTOBOMy yrjiy. ■ 



/^BHaMHKa KBaHTOBoro yrjia. IlycTb Tenepb mm meeM cnjibHO HenpepbiBHyro o^HonapaMeTpH^ecKyio yHHTapHyio 
rpynny U(Ss) = e -iSsA/h ^ A = A* — caMOConpajKeHHbiii onepaTop b npocTpaHCTBe coctohhhh Ti (oh 
Ha3biBaeTca HH(pHHHTe3HMajibHbiM rGHGpaTopoM U(Ss) ); Ss £ R — napaMeTp rpynnbi; Set — nocTOAHHaa 
IljiaHKa. 

H nycTb Tenepb 3aBHCHMOCTb BeKTopa coctoahha ot napaMeTpa Ss 3a^aeTca (popMyjioii: 

r(Ss) = 15s) = U{Ss)) = e- l5sA ' h ) . 
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3flecb \Ss) £H — flpyroe o6o3Ha x ieHHe BeKTopa coctohhha npn napaMeTpe, paBHOM Ss ; ) <E TC — cpHKCiipoBaHHbiii 

KeT-BeKTOp COCTOHHHfl. 

By^eM nojiaraTb, ^to cpyHKinra r(Ss) .znicpcpepeHnHpyeMa. Tor^a KBaHTOBaa cxopocTb Bbipa>KaeTCfl cpopMyjioii: 

v(6s) = ±Ae-* SsA / h ) = ^AlSs) . 

Cpe/nree 3HaHeHHe onepaTopa A He 3aBiiciiT ot BpeMeHH: 

A = (Sa\A\Sa) = (e +lSs A/h Ae~ i5s :A/h ) = (Ae +i5sA/h e~ i5s ,A/n ) = {A) . 

IIosTOMy cocTaBJiaromne KBaHTOBOH cxopocTH MoryT 6biTb npocTO 3anncaHbi xax: 

«„(<**) = \Ss)(5s\±A\Ss) = ±A\Ss) 
v ± (Ss) = £ (A- A) \Ss) . 
KBaHTOBaa yrjiOBaa cxopocTb OKa3biBaeTca TaK»ce He3aBHCHin;eH ot BpeMeHH: 

u(5a) = \\v±(8a) \\ = j-(5s\ (A- A) 2 \ Ss)^ 2 = | ( e +iSsA/H (A- A) 2 e - i5sA / h ) l l 2 = 



= j-{(A-A) 2 e +iS S A/n e -i5sA/hy/2 = i ((^_^)^)i/2 = i A)A . 

3flecb A flBjiaeTCfl coKpameHHMM oGosHa^eHneM ,a;jifl cpeflHeKBa^paTH^Horo OTKjioHeHHa A b coctoahhh ) . 
PaccMOTpnM Tenepb, k&k Be^eT ce6a b ^hhhom cjiy^ae KBaHTOBbiii yroji Z( | Ss ) , ) ) . HpHMeHSH ^jih Hero oneHKy 



HMeeM: 



41*0, » < 



oj(u) da 



= iN¥ 



Ife 9Toro HepaBeHCTBa BbiTexaeT 

T e o p e m a. x Imo6u nod deucmeueM cumho Henpepuenou odHonapciMempuuecKou yHumapuou spynnu U(5s) = 



- iSs A/H 



HanaAbHuu eenmop cocmosmusi } u3mchuacji cyuificmeeHHO Heo6xoduMO, nmo6u eunojmsuiocb Hepaeencmeo: 



\Ss\A } A ^ h 



(2) 



Ha npHMepe nipeflHHrepoBCKoii HacTHUbi mm yBH^HM, hto 9Ta TeopeMa OKa3MBaeTCfl TecHO CBH3aHHoii c npHHunnoM 
Heonpe,a;ejieHHOCTH ren3eH6epra, ho HMeeT hhoh cmmcji. HMea b BH,i;y siy CBa3b, mojkho Ha3BaTb 9Ty TeopeMy 
npuHi^unoM onpedeAenHocmu. 

HepaBeHCTBO, BbipajKaioinee npHHinrn onpe^ejieHHOCTH, mojkho 3anncaTb eme cjie^yroiniiM o6pa30M: 



(3) 




B TaxoM BH^e oho ecTecTBeHHO nepeHOCHTca Ha cjiyHaii, scoria Ss h A flBJiaiOTCfl MaTpnuaMH. 



IIpHMepbi 

OflHOMepHaa mpe^HHrepoBCKaa nacTima. PaccMOTpnM o^HOMepHyio inpeyniHrepoBCKyio 'racTHny, KOop^HHaTa 
KOTopofi 3a,a;aeTca nepeMeHHoii x . Ee BeKTop coctoahha mojkbt 6biTb 3anncaH c noMonibio bojihoboh cpyHKHHH 
ip(x) . B ee npocTpaHCTBe coctohhhh ^eHCTByeT rpynna c^BHroB no cpopMyjie: 

U(5x) il){x) = ip(x — Sx) . 

9Ta rpynna MoaceT 6biTb 3anncaHa b BH,i;e: 

U{5x)=e~ l5xP/h , P = -ih^-. 

dx 
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IIpi! 3tom P ABJiaeTCH onepaTopoM HMnyjibca. 

IlpHMeHaa npHHinin onpe,a;ejieHHOCTH b (popMe pj l. nojiyHaeM: 

\5x\ A^(a,)P ^ h . 

Ecjih b Ka^ecTBe ip(x) B3flTb xopoino jiOKajiH30BaHHbiii naxeT ,n,e6poHJieBCKHx bojih, o6pa^aroiiniHCH b Hyjib BHe 
HeKOToporo HHTepBajia I , to h3 SToro HepaBeHCTBa, b HacTHOCTH, BbiTexaeT, ^to I H/A^mP : Bejxb npn 
CMemeHHH naxeTa Ha paccTOAHne I H3MeHeHHe KBaHTOBoro yrjia ^ojijkho OKa3aTbca 6ojibine 1 (a hmghho — 
tt/2 ). 

TaKHM o6pa30M, npHHinin Heonpe^ejieHHOCTH refi3eH6epra, noHHMaeMbiii b KaiecTBeHHOM CMbicjie, BbiTexaeT H3 
npHHinina onpe^ejieHHOCTH. 

Ecjih ace noHHMaTb npHHHHn HeonpeflejieHHOCTH reii3eH6epra b kojihhgctbghhom CMbicjie, b cootb6tctbhh c HepaBeHCTBOM 
nayjiH-BeiijiH 

to HenocpeflCTBeHHoii MaTeMaTHiecKoii cbh3h Me^K^y sthmh npHHininaMH HeT. 

IlpH 3tom, c (pHSH^ecKofi tohki 3pemifl, npHHHHn Heonpe^ejieHHOCTH refi3eH6epra h npnHinin onpe^ejieHHOCTH 
ABjifliOTCfl KaK 6m flByMfl TOHKaMH 3peHHH Ha pa3MMTOCTb BOJiHOBoro naxeTa. npHHinin Heonpe,a;ejieHHOCTH TeH3eH6epra 
roBopHT, ito bojihoboh naxeT ABjiaeTca npoTHJKeHHbiM, nocKOJibKy KAaccunecKoe cocToaHHe HacTHHbi flBjiaeTCfl 
tiaoxo onpedeAermuM. npHHinin »ce onpe,a;ejieHHOCTH yTBepjK^aeT, hto bojihoboh naxeT ABjiaeTca npoTa»ceHHbiM, 
nocKOJibKy Keanmoeoe cocTOHHHe ABJiaeTca xopouto onpedeAeHHUM. 

Ha TpexMepHbiii cjiyiaii npHHHHn onpe,a;ejieHHOCTH 6e3 Tpy,n;a o6o6in,aeTCH b (popMe 
vp£ no i npe,a;nojiaraeTCfl cyMMHpoBaHHe. 

IIIpe^HHrepoBCKaa HacTHD,a Ha OKpyjKHOCTH. PaccMOTpnM Tenepb njiocKOCTb c flexapTOBbiMH KOop^HHaTaMH 
x h y . IlycTb Ha stoh njiocxocTH 3a#aHa OKpyjKHOCTb x 2 +y 2 = 1 . Ha stoh OKpyjKHOCTH b KaiecTBe o,n,HOMepHOH 
KOop^HHaTbi mojkho Hcnojib30BaTb nojiapHbifl yroji tp , paccMaTpHBaeMbifi c TOHHOCTbio flo 2n . 

BeKTOp COCTOHHHfl Hipe^,HHrepOBCKOii laCTHUbl Ha 3TOH OKpyjKHOCTH M0JK6T 6bITb 3anHCaH C nOMOIHbK) BOJIHOBOH 
(pyHKH,HH 1p(<p) . npH 3TOM 1p((fi + 2tt) = 1p(tfi) . 

B npocTpaHCTBG coctoahhh npn stom gctgctbghho onpe,a;ejieHO fleiicTBHe rpynnbi Bpamemiii: 

U(S(p)tp((f) = ip(ip - Sep) . 

3t& rpynna mojk6t 6biTb 3anncaHa b BH,n,e: 

U(Scp) = e - iS ^ J ' n , J=-ih4-. 

dip 

npn 3TOM J flBjiaeTCH onepaTopoM MOMeHTa HMnyjibca. 

npiiM6HeHH6 npHHinina onpe^ejieHHOCTH He Bbi3biBaeT KaKHx-jiH6o Tpy^,HOCTefi: 

\Sip\ A^,( v) J ^ h . 

Hto »ce KacaeTca npHMeHeHHa npHHiinna Heonpe,a;ejieHHOCTH, to nepeHeceHne HepaBeHCTBa I^J na stot cjiy^iaii 

H6B03MOJKH0 1 . 

B TpexMepHOM cjiy^iae npHHunn onpe^,ejieHHOCTH TaK»ce jierxo ^,aeT: 



1 npe^npHHHMaBniHxcH nonuTKax npe^jicxacHTB HepaBeHCTBO, aHajiornHHoe J^, cm. 
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CHCTeMa c raMHJiBTOHHaHOM, He sftBHcanuiM ot BpeMeHH. IlycTb Tenepb HMeeTca kbclhtobclh CHCTeMa c 
raMHJibTOHnaHOM H , He 3aBHCHiri,HM ot BpeMeHH. IlpH 3tom Ha npocTpaHCTBe cocTOflHHii OKa3biBaeTca onpeflejieHHMM 
^encTBne rpynnbi BpeMeHHbix c^BHroB: 

U(5t)) = e -<« (-*)/») . 

IIpHHinin onpe,a;ejieHHOCTH b stom cjiy^ae cpa3y flaeT: 

\St\A } H > h . 

Ecjih 3Ty (popMyjiy npHMeHHTb, HanpHMep, k oueHKe BpeMeHH jkh3hh KBa3HCTanHOHapHoro pacnaflaiomeroca 
cocToaHHfl, to OHa yTBepjK^aeT, hto xapaKTepHoe BpeMa jkh3hh y Hero He MeHee neM nocToaHHaa IljiaHKa, 
no^ejieHHaa Ha ninpnHy cooTBeTCTByioinero ypoBHa SHeprnn. IlpH stom BceM TepMHHaM mojkho npn^aTb tohhmh 

MaTeMaTH^eCKHH cmmcji. 

Hto me KacaeTca nonbiTOK cdpopMyjmpoBaTb npHHHHn HeonpeflejieHHOCTH reii3eH6epra fljia bbjih^hh BpeMa - 
SHeprna, to c Toro BpeMeHH, KaK Bop npoB03rjiacnji TaKoii npnHnnn (b Ka^ecTBeHHOM CMbicjie), .zrjia yTOHHeHna ero 

CMblCJia 6bIJIO npOBe^eHO CTOJIbKO HCCJie^OBaHHH H flHCKyCCHH, ^TO nO HHM MOJKHO 6bIJIO 6bl HanHCaTb OTflejIbHblH 

o63op. HacKOJibKO MHe H3BecTHO, CTporofi (popMyjinpoBKH npHHinina Heonpe^ejieHHOCTH ,zrjia SToro cjiy^aa nojiy^HTb 
Tax h He y^ajiocb 2 . 

PejiaTHBHCTCKHe CHCTeMBi. PaccMOTpHM Tenepb npoH3BOJibHyio pejiaTHBHCTCKyio KBaHTOByio CHCTeMy. Ha ee 
npocTpaHCTBe cocToaHHii ^eiicTByeT rpynna IlyaHKape. IlpHMepoM Taxon cncTeMM MO»ceT cnyjKHTb jno6oe PKK- 
KBaHTOBaHHoe nojie 3 OS]- H orpaHHHHMca 3,a;ecb o6cyjK,i;eHHeM cjiy^aa, scoria nojie OKa3biBaeTca KBaHTOBaHHbiM 
b o6m x ihom rHjib6epTOBOM npocTpaHCTBe. 

B 3tom cjiy^ae npHMeHeHne npHHipma onpe^ejieHHOCTn He CTajiKHBaeTca c KaKHMH-jiH6o Tpy^HOCTaMn: 

A) ( - Sx^ Pft + | Sojfiv ) > H , 

Tfl/s — BeKTopHbiii onepaTop SHeprnn-HMnyjibca, J M „ — TeraopHbiH onepaTop ^eTbipexMepHoro MOMeHTa 
HMnyjibca, Sx^ n Su) vp — CTaH^apTHbie jiorapncpMHHecKHe xoop^HHaTbi rpynnbi IlyaHKape. 

Hto »ce KacaeTca npHMeHeHna npnHnnna Heonpe,a;ejieHHOCTH ren3eH6epra, to oho Bpa,a; jih bo3mojkho. B npe^bmymeM 
nyHKTe mm Bn^ejiH, ^tto rtlr Bejin^rnH BpeMa - aHeprna 3to BM3biBajio 6ojibniHe TpyinrocTn. 

B CBa3H C 3THM, y>Ke H3 C006pa»CeHHH pejiaTHBHCTCKOH HHBapHaHTHOCTH aCHO, ^TO ^a>Ke flJia KOOp^HHaT H 

HMnyjibcOB ,i;ejio He ^ojijkho o6cToaTb npocTO. H sto ^eiicTBHTejibHO Tax, nocKOJibxy H3BecTHO, ^tto Bee nonbiTKn 
BBO,a;HTb noHaTHe KOop,a;HHaT (xax caMOConpa»ceHHbix onepaTopoB Ha npocTpaHCTBe cocToaHHii) rjik pejiaTHBHCTCKHx 
cncTeM HocaT ^OBOJibHO ncKyccTBeHHbiH xapaKTep 4 . 
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2 Cm. TaKjKe o6cy>KfleHHe 9Toro Bonpoca fix. Bae30M 0. 

3 Bce flpyrae H3BecTHbie MHe nppiMepbi jih6o BHTeKaiOT H3 yKa3aHHoro, jih6o MaTeijaTHiecKH HecocTOHTejibHH. 
4 ^D,ji5i HexoTopbix >Ke cncTeM OKa3biBaeTCH, hto BBecTH xoponine onepaTopbi xoop^HHaT h BOBce hgbo3mo5kho [^]. 
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